Introduction
The Theodorsen function was derived for an airfoil oscillating in a uniform flow. 1, 2) There was also an experimental verification for the theory.
3) A modern but much more mathematically simple approach for similar aerodynamic problems is shown in the aerodynamic text book, 4) called the lumped vortex method for an airfoil with discrete trailing vortices. Several students tested the lumped vortex and panel methods for an oscillating airfoil, 5, 6) and they found that the numerical method gave almost the same result as that of the Theodorsen function in spite of the simplicity of the technique. While the Theodorsen method was studied, it brought up the idea that the lumped vortex method itself might have its own analytical solution, and which was the case. In the present paper, the analytical solution for an oscillating flat plate modeled by the lumped vortex is shown, and a Theodorsen-type function is derived with an ease which was quite similar to the original one.
Theodorsen-Type Function for a Lumped Vortex
Model Figure 1 shows Theodorsen's problem, a two-dimensional flat plate airfoil oscillating in a uniform flow (b: semichord, T: period, U: uniform velocity, h: heaving displacement (downward positive), w 1 : upwash by lumped vortex, w 2 : upwash by wake, x; z: coordinates). The airfoil is replaced by a lumped vortex, while continuous distributed vortices were used in the original problem.
The boundary condition at a 75% chord for heaving motion is
The dot ( _ h h) denotes the time derivative. The upwash from the lumped vortex of circulation À is
From Kelvin's theorem, we get
(: vortex, suffix t: trailing edge). We assume that h ¼ĥ he i!t , À ¼À À e i!t and ¼ e i!t (i: imaginary unit, t: time, !: angular frequency,^: complex amplitude), and the trailing vortex flows downstream in the x-direction with the same strength, 1) i.e.:
Substituting Eq. (4) for Eq. (3), we get:
i!t at a 75% chord length by trailing vortices can be calculated from Eq. (5) as follows:
where
and
are the sine and cosine integral functions, respectively. From Eqs. (1), (2) and (6) Figure 2 shows the present Theodorsen-type CðkÞ of Eq. (9) compared to the Theodorsen function. The practical k is around 0$0:4, 2,3) and the present analytical solution gives similar values to that of the Theodorsen function in that region. The present analytical solution gives the reason why the numerical lumped vortex method is identical to the Theodorsen solution in some cases irrespective of the simplicity of the model. 5, 6) The present solution ostensibly gives closer values to those of the original Theodorsen function by changing the collocation point from the 75% chord x ¼ ð1=2Þb to x ¼ ab (0 a 1=2). In this case, the argument must be changed from k=2 to ð1 À aÞk on the right side of Eq. (7). Figure 3 shows the effect of the collocation point location in Eq. (9) (75%, 62.5% and 50% chords).
Aerodynamic Force
From Bernoulli's equation, we get:
The chord length 2b in Eq. (12) might be adjusted to b=2 to match the accurate virtual mass of a flat plate. Then, the unsteady non-dimensional lift coefficient C l ¼Ĉ C l e i!t from Eq. (10) with Eq. (8) becomes:
Equation (14) is an approximation of Eq. (13) for a small k, but it is the exact Theodorsen's form for the same problem. The circulatory part is identical in Eqs. (13) and (14), but it is noticeable that the virtual mass term in Eq. (13) is affected by CðkÞ due to a lumped vortex approximation. Let 3) (note that h is the opposite of Ref.
3))
we get from Eqs. (13) and (14) with Eqs. (9), (10) and (11):
Theodorsen Present 
The phase angle is given by:
The Theodorsen and present results based on Eq.(14) for heaving motion are compared to the Halfman experiment 3) in Figs. 4(a) and (b) (collocation point at a 75% chord;ĥ h is replaced by h; b; h in inches in the figure) . The present method is also useful for 0 k 0:4 in spite of the simplicity of the formulation. Moment calculation gives a similar result.
2) The present method can be used for a pitching motion as well.
Conclusion
A Theodorsen-type function was derived analytically for an oscillating airfoil in a uniform flow modeled by a lumped vortex. The solution is identical to that of the Theodorsen result up to k ¼ 0:4. The present solution methodology could give an alternative way to learn the unsteady aerodynamics of an oscillating airfoil with much less mathematical involvement.
